Despite ablation and drag processes associated with atmospheric entry of meteoroids were a subject of intensive study over the last century, little attention was devoted to interpret the observed fireball terminal height. This is a key parameter because it not only depends on the initial mass, but also on the bulk physical properties of the meteoroids and hence on their ability to ablate in the atmosphere. In this work we have developed a new approach that is tested using the fireball terminal heights observed by the Meteorite Observation and Recovery Project operated in Canada between 1970 − 1985 (hereafter referred as MORP). We then compare them to the calculation made. Our results clearly show that the new methodology is able to forecast the degree of deepening of meteoroids in the Earth's atmosphere. Then, this approach has important applications in predicting the impact hazard from cm-to metersized bodies that are represented, in part, in the MORP bolide list.
Introduction
Deriving the meteoroid trajectories in the atmosphere is of particular interest to researchers. On the one hand, orbital parameters can be derived based on the time of appearance, meteor position and initial velocity, allowing us to estimate their parental relationship with parent bodies -asteroids and comets. On the other hand, a knowledge of physical parameters such as mass, velocity, deceleration, height, etc, at different points of its trajectory turns out to be very useful so as to predict the energy of a possible surface impact, locate meteorite fall and/or understand the ablation and other mass loss mechanisms occurring along the flight.
Various photographic and video techniques have been developed to obtain the most accurate and systematic observations of meteors. Whipple and Jacchie (1957) (later modified by McCrosky and Posen (1968) , Pecina and Ceplecha (1983) and Ceplecha et al. (1993) ) derived a methodology by considering the separate meteor trails obtained when shuttering the video image. This technique allowed them to study the problem at shorter flight intervals. This analysis was dependent on the body properties' average values provided by the bibliography. However, a reliable theoretical flight model is still to be developed. The accuracy of theoretical results usually requires a very good precision in observation techniques. For example, Ceplecha et al. (1993) developed a theoretical model which included meteor fragmentation, but it needs very precise fireball records.
Along the years different methods have been developed in order to increase the accuracy of the theoretical models.
One of the first theoretical models for meteors (known as Single Body Theory) was developed by Hoppe (1937) . It was an extensive study of the flight mechanics and thermodynamics processes. Levin (1956 Levin ( , 1961 studied the meteoroids' atmospheric entry with account for fragmentation and deceleration. He concluded that the mass of the body is related to its middle section by means of a parameter that characterizes the rotation of the fireball.
Later on, Ceplecha and McCrosky (1976) explored which fireballs of the Prairie Network were ordinary chondrites. The authors considered the fireball terminal height as a main characteristic factor. It was concluded that carbonaceous material shall ablate more readily and, consequently, these bodies may have shorter trajectories. The authors derived an empirical criterion (equation (1)) that established a weighted relation between the fireball terminal height and other flight properties of the fireball (namely air density at terminal height, ρ E [g/cm 3 ], the preatmospheric mass, m ∞ [g], preatmospheric velocity, V ∞ [km/s], and the zenith distance of the meteor radiant, Z R [degrees]). P E = log ρ E + A log m ∞ + B log V ∞ + C log (cos Z R )
(1)
This expression also has a theoretical meaning based on the single body theory, as explained in their work. Coefficients A, B and C are obtained by using a least squares fit to 156 fireballs of the Prairie Network (McCrosky and Boeschenstein 1965) . Owing to this criterion (equation (1)), Ceplecha and McCrosky (1976) classified the Prairie Network fireballs into four different groups. In their discussion they suggested that ordinary chondrites should all belong to the same range of PE values (−4.60 < P E).
Besides, Ceplecha and McCrosky (1976) took advantage of the fireballs' observed properties in order to shed more light in the validity of the previous criterion (equation (1)). Two parameters were used:
The average values (for all the observational measurements) are used to define a new parameter, SD:
The average numbers, < log K > and < log σ >, are weighted by the ratio of the deceleration to its formal rms error. Then, SD is a parameter that has little influence from observational errors. As Ceplecha and McCrosky (1976) stated, SD depends on the second derivative of the observational measurements via these two refined numbers, whereas PE is chosen as the simplest possible empirical expression. Therefore, SD is a new criterion which can be compared against the PE criterion. These two parameters (1) and (2) turned out to be related when the meteor initial mass could be considered small or the ablation was large.
Slightly different methodology was suggested by Wetherill and Revelle (1981) . They included four meteorite selection criteria to build up their classification. Wetherill and Revelle (1981) , gave more importance to the dynamic mass than to the photometric mass; besides, they also took into account the deceleration of the body and the light curves to identify the survived meteorites among the fireballs registered by the Prairie Network. The authors highlighted the importance of the observed terminal height concluding that for meteorite-producing fireballs its value should agree with the theoretical value, calculated using dynamic mass, as well as with that of Lost City fireball to within 1.5 km, when scaled for mass, velocity, and entry angle in accordance with classical single body meteor theory.
In Revelle (1979) , the study of the interaction between large meteoroids and the atmosphere is done via a quasi-simple ablation model. The results are compared to photographically recorded meteorite falls as well. Later publications have gathered and expanded the physical problem of the deceleration of meteoroids in the atmosphere (e.g. Bronshten (1983) ). Halliday et al. (1989a,b) studied observed fireball properties to derive the presence of correlations. They used 44 MORP recorded fireballs to classify as strong, moderate, weak or not having any correlation the observed data (i.e. initial velocity, total light emitted by the fireball, initial and end masses, initial and end heights, orbital elements, etc.). Despite of the observational errors (cameras not able to film all the trajectory, not clear sky, etc.), they found some strong correlations: mass lost by ablation versus the peak brightness, and duration of luminosity recorded by MORP versus zenith distance of the radiant. Stulov et al. (1995) , Stulov (1997) and Gritsevich (2007) proposed a new methodology. Instead of using the average values as input parameters, they gather all the unknown values into two new variables α (ballistic coefficient) and β (mass loss parameter), mathematically introducing similar idea with scaling of parameters as suggested by Wetherill and Revelle (1981) . Adjusting the resulting equation to the trajectory observed, these new variables can be derived for each meteoroid. The resulting values allow to describe in details the meteoroid trajectory in the atmosphere and invent new classification scale for possible impacts Gritsevich et al. 2012) . This allows to determine other important parameters, such as preatmospheric and terminal mass values, ablation and shape change coefficients, as well as terminal height. The methodology to determine terminal height has been implemented for fully ablated fireballs by Gritsevich and Popelenskaya (2008) . In the present study we significantly specify and expand the applicability range of this methodology by testing it on larger data set.
In the following sections we present the results of applying this last methodology to a large number of MORP fireballs, including suspected meteorite-producing events included in the table 6 by Halliday et al. (1996) . Alternatively, we suggest a more accurate method of calculation. Section 2 takes a look on previous and present terminal height determinations. We then compare observed values to our derived values in section 3. Section 4 contains our discussion. Finally the conclusions and suggestions for future research are presented in section 5.
Theory
The equations of motion for a meteoroid entering the atmosphere projected onto the tangent and to the normal to the trajectory are well known. Once we consider some simplifications (see Gritsevich (2010) ) we have:
M is the body mass, V is its velocity, t is the time, h is the height above the planetary surface, γ is the local angle between the trajectory and the horizon, S is the area of the middle section of the body, ρ a is the atmospheric density and c d is the drag coefficient.
Equations (3), (4) are complemented by the equation for the variable mass of the body:
where H * is the effective destruction enthalpy, and c h is the heat exchange coefficient. Two other expressions are added to solve the problem. On the one hand, we suggest that the atmosphere is isothermal, and so ρ = exp(−h/h 0 ), where h 0 is the scale height. On the other hand, from the research carried out by Levin (1956 Levin ( , 1961 we can assume that the middle section and the mass of the body are connected by the following relation s = m µ , where µ is a constant. The parameter µ characterizes the possible role of rotation during the flight and can be calculated based on the observed brightness of a fireball using the method proposed by Gritsevich and Koschny (2011) . In Gritsevich (2008c) different values for µ are discussed. If µ = 0 there is no body rotation, whereas if µ = 2/3, the ablation of the body due to its rotation is uniform over the surface, and the shape factor does not change. Generally we have 0 < µ < 2/3. According to the recent results (Bouquet et al. 2014 ) the majority of the MORP fireballs were found to have µ values closer to 2/3.
We now introduce dimensionless variables, M = M e m, V = V e v, h = h 0 y, ρ a = ρ 0 ρ, S = S e s. Here, the subscript e indicates the parameters at the entry to the atmosphere, h 0 is a planetary scale height (we use 7.16 · 10 3 m for the Earth) and ρ 0 is the atmospheric density near the planetary surface.
Taking into account all these previous considerations, we can turn the equation system (3)- (4)- (5) into the following equations (see Gritsevich 2009 ):
These equations have been expressed as a function of two variables:
And
α is called the ballistic coefficient. It is proportional to the mass of the atmospheric column with the cross section S e along the trajectory divided by the body preatmospheric mass; it characterizes the drag intensity.
β is known as the mass loss parameter. It is proportional to the fraction of kinetic energy of the unit mass of the body that is transferred to the body in the form of heat divided by the effective destruction enthalpy.
The analytical solution of the equation system (6)- (7) with the initial conditions y = ∞, v = 1 and m = 1 is:
For quick meteors, one can neglect deceleration and set the velocity as constant for the luminous segment of the trajectory, then v = V /V e = 1. A strong evaporation process takes place so β becomes high (β >> 1). This means that the meteoroid ablation occurs rapidly in the absence of drag. For this situation, Stulov (1998 Stulov ( , 2004 developed an asymptotic solution:
It should be noted that relation (13) does not describe the drag process until the point where m = 0. The meteor velocity begins to decrease in a certain vicinity of this point. In order to account for this change in velocity it was proposed to combine equation (13) suitable for high β values with equation (10) suitable for arbitrary β values (see Gritsevich (2008c) and references therein). Such substitution of equation (10) into equation (13) fully escapes dependency of µ and gives the following height dependence of velocity at high β values:
It is notable, that since condition of changing velocity was applied in the derivation of equation (14), the equation (14) is no longer applicable for constant-velocity meteors. Thus if condition v = V /V e = 1 is strictly set then solely equation (13) should be considered.
In the opposite case, when β = 0, the analytical solution (10)- (11) becomes (Gritsevich 2008c) :
Brief explanation of α and β derivation
In their work, Gritsevich (2007) explained the best way to derive α and β parameters. Herein, we summarize the main points of the methodology. For a deeper explanation of the whole methodology we recommend a careful reviewing of the mentioned articles.
As explained in Gritsevich (2008b) a weighted least-squared method is applied to the observed height and velocity values using equation (11). Assigning manually the weighted factors may be quite complicated, so, since the height and velocity of a meteor decrease while it gets closer to the Earth's surface, the solution was proved to perform better if we take an exponential form of equation (11). Mathematically it means that instead of direct comparison of y i (observed) with y i (calculated) the comparison is made between e −y i values. The obtained results are then compared with the original data and a very good agreement is shown (see e.g. Gritsevich (2008c) ). Then, equation (11) turns into the following form:
α and β are derived by minimizing the following expression (18). We take into consideration that the analytical trajectory expression obtained shall accurately adjust the list of observed trajectory (y i , v i ) values.
where
In equation (18) we assume n ≥ 3, i.e. there are at least 3 points along the trajectory available for the calculation, one of which should contain initial velocity value, V e , needed for scaling. It is also assumed that deceleration was noticeable during the luminous trail, i.e. there are at least 2 other than beginning points (k, j ≤ n) along the trajectory such as V k < V j < V e . In principle, recent proliferation of instruments and methods dedicated to observing meteors makes it possible to fulfill this condition even for such small meteor particles as the Draconids (Borovička et al. 2007; Kero et al. 2012; Ye et al. 2013; Vaubaillon et al. 2015) . In ordinary cases, when equally reliable data are provided along the observed trajectory (e.g. Halliday et al. (1996) ), we suggest the use of all available (h i , V i ) values, but this is not a strict requirement and specific initial filters on observational data may apply depending on studied case.
Results
We have derived terminal heights by means of the previous development. In order to do so, we have used the α and β values which have been previously derived using the methodology described above by Gritsevich (2009) for the MORP fireballs. These heights are compared to the fireballs observed terminal height values; Halliday et al. (1996) collected them along with other fireball parameters such as: brightness, beginning and ending velocity, beginning height above sea, etc.
The results of the following calculations are shown in table 1. The first row of this table contains the ID name of the fireball. Column 2 contains V e which is the velocity of the body when it enters the atmosphere. Column 3 shows the terminal velocity observed, V t . Values for V t and V e are taken from Halliday et al. (1996) . The α and β values appear in columns 4 and 5 respectively, and they are taken from Gritsevich (2009) . The values of h I , h II and h III in columns 6, 7 and 8 correspond to the terminal heights derived in this study as we will see in the following lines. Finally, in column 9 the observed terminal heights from Halliday et al. (1996) are listed for comparison with the values derived in our study. Halliday et al. (1996) . [b] This calculation corresponds to the Innisfree meteorite and it is based on the data from Halliday et al. (1981) , see Gritsevich (2008c) .
We have followed a step by step methodology. In first instance, terminal height is derived as the height corresponding to the trajectory point where m = 0 based on equation (13). The substitution of condition m = 0 into equation (13) leads to:
where h 0 = 7.16 · 10 3 m is the scale height, and y t is the scaled terminal height. As it can be seen in table 1, differences between observational and analytical values are remarkable (the standard deviation is σ = 4.11 km) and we conclude that the method proposed by Gritsevich and Popelenskaya (2008) cannot be extended to be applicable for decelerated fireballs without further modification, though it is usable to derive parameters of small meteoroids with constant velocity (Popelenskaya 2010) . Figure 1 shows graphically the obtained differences between the observed and derived terminal height values based on equation (20). As a reference, we have also plotted the line for which h I = h obs (h obs are the terminal heights observed taken from Halliday et al. (1996) ). We then took into consideration that v shall vary up along the trajectory. Terminal heights were obtained from the equation (14):
Once again, results can be found in column 7 in table 1. Notice that v t = V t /V e (where V t is the terminal velocity observed, and V e is the velocity of the body when it enters the atmosphere) is the scaled terminal velocity. As we can see, though differences between derived and observed terminal heights (h II , h obs ) have decreased (the results' standard deviation is σ = 1.52 km) there is still a wide spread in the results. However, if we represent terminal heights derived vs terminal heights observed (figure 2), a global linear tendency can be found. This indicates that this methodology seems to obtain a reasonable first-order approximation.
One possible explanation for the quantitative differences obtained in these results is the use of the approximated function (14) established for high β values instead of using more general equation (11). For easy comparison with equation (11), the equation (14) can be rewritten as:
We have investigated either any improvement to this approximation itself, i.e. any possibility of adjusting the equation (14) to better match equation (11) could also bring better alternative solution to the problem studied here. To answer this question, we have used results recently obtained in . The authors have examined the possibility of improving approximated function (14). The functions (11) and (22) do not have singularities and they are monotonous on the interval 0 < v < 1. The dependency on α is the same (additive as ln(α)) for both, equations (11) and (22). Under these conditions a shift along parameter β could quantitatively improve approximation represented by equation (22) . And, in particularly, based on further functional analysis, it was found that much better approximation for the function (11) can be achieved with the use of the function:
On figure (3) we have graphically demonstrated the quality of the approximation relied on equation (23). We compare functions y(β, v) = y(α, β, v)−ln(2α), where y is taken according to equations (11), (22) and (23). The comparison made for different β values confirms that approximation (23) has better accuracy than previously used equation (22) . In order to improve the results of the present study, we derived a new expression to calculate the terminal height of a fireball based on the referred above approximation (Eq. (23):
A first justification to take up this further step is supported by figure 4 ; it represents the differences (h I − h obs ) vs. β. As expected, equation (20) seems to give better results for larger β values. The same happens with equation (21), though in this case this dependency to higher β values is smaller (as can be noticed from its standard deviation σ = 1.52 km).
Nonetheless, this new modification turns out to provide higher accuracy to our results. Now, the standard deviation becomes σ = 0.75 km. We can notice it graphically in figure 5. As we can see, this figure shows the total agreement between derived and observed terminal heights using this new formula. Besides, it even allows us to derive terminal heights in those few cases where β values are null.
Discussion
As explained in section 2, equation (20) should lead to good results when β values are high. In figure 4 we notice that for β > 5 the differences between derived and observed terminal heights are small. However, this equation did not take into (24), h III versus the observed terminal height, h obs . Line indicating h III = h obs is also plotted. account the decrease in velocity close to the terminal point of the trajectory. Given that the amount of fireballs studied is large, we continued our analysis considering this fact (see equation 21).
Formula (21) seemed to provide accurate results with regard to the observations; in fact, a clear global lineal tendency was found on the graph with the observed and calculated values of terminal height. Nonetheless, remarkable discrepancies are present along the whole range of β values. No exceptions for higher, lower or intermediate β values (see table 1 ).
The modification made by introducing new recently proposed approximation in our methodology leads to higher accuracy. This result may create some astonishment. Given that observations could carry different kind of errors: bad astrometric measurements, incomplete recording of the luminous trajectory of the meteor, blurring effects, etc., it should be expected that some of the analytical values differed from the observed ones. This could be explained if we remind that the differences obtained are of the order of 1 km. Most of the aforementioned observational errors shall introduce smaller distance errors so these effects shall be comprised in our calculations.
Additional observation can be made based on figure (5) that equation (24) produces its best fit for h III for the fireballs which terminated at higher altitudes. This result is expected since fireballs with survived terminal mass penetrate lower in the atmosphere, and they have, on average, lower values of mass loss parameter β. For example, Halliday et al. (1989a) derived dynamic mass estimation only late in the trail for those MORP fireballs that penetrated below a height of 40 km. Gritsevich (2008a) calculated dynamic terminal masses of MORP fireballs based on the whole observed trajectories regardless of the terminal height value; indeed, all larger objects and/or suspected meteorite droppers penetrated below 40 km, with an average terminal height of 29 km. Thus, for planetary defense applications one can note, that larger objects could initiate fireballs penetrating deeper in the atmosphere than our methodology would predict.
It is also notable, that meteor height may be expressed as a function of time. Thus, the ability of predicting a terminal height may be directly linked with the forecast of a total duration of meteor phase. This can create scope to a new class of problems, such as, for example, insights into determination of luminous efficiency based on meteor duration and calculation of critical kinetic energy needed to produce luminosity. In future, several other tightly related problems may be considered, including a possibility of initial meteor height determination and deriving parameters α and β without the beginning part of a meteor trail. Furthermore, the existing solution to the inverse problem of deriving these parameters described in section 2 of this study is only applicable for the decelerated fireballs. There are still large amount of archived data and many new meteor registrations for which the recorded deceleration was not significant and/or it is in the order of observational errors. For these cases observed terminal heights will be crucial in setting margins on possible α and β values based on equation (20) . Some initial steps in solving this problem were taken in Popelenskaya (2010) .
Moreover, even for obviously decelerated and well-studied cases, such as Innisfree meteorite (fireball No. 285 in table 1), published terminal heights may differ depending on a taken data-reduction approach (e.g. 21 km in Halliday et al. (1981) ; 19.8 km in Halliday et al. (1996) ) and, therefore, any additional theoretical constrains on the terminal height and fireball duration may be very helpful.
Finally, it is interesting to compare our results with PE criterion introduced by Ceplecha and McCrosky (1976) reviewed in the Introduction section of our study. In our methodology we used a different approach which, in particular, avoids A, B, C coefficients needed to be empirically set in PE criterion. We operated with dimensionless parameters α and β which by their definition (equations (8) and (9)) gather all the unknowns. The terminal height was a key sought parameter without passing to air density calculated at terminal height. We adjusted a theoretical expression which can be used to calculate terminal height. To verify the proposed dependency of terminal height on parameters α and β we calculated terminal heights for MORP fireballs with known (observed and reported by Halliday et al. (1996) ) terminal height and known values of α and β parameters. However, if one would substitute α and β in our criteria with their defining expressions (equations (8) and (9)), one could find many similarities with PE criterion. Indeed, α depends on the preatmospheric cross-section-to-mass ratio (the ratio which can be easy converted into dependency on bulk density, preatmospheric mass and shape coefficient) and trajectory slope γ related to Z R . Mass loss parameter is proportional to preatmospheric velocity in power of 2 and inversely proportional to the effective destruction enthalpy. Thus, surpassing unknowns with described in our study methodology we find similar set of physical parameters affecting the degree of deepening of meteoroids in the Earth's atmosphere.
Conclusions
Previous work has been done to estimate the terminal height of fireballs (see section 1). In this paper, we have derived the terminal heights for MORP fireballs using newly developed as well as previously suggested methodology. This methodology had only been tested on several fully ablated fireballs with large β values by Gritsevich and Popelenskaya (2008) . We were particularly interested in determining whether this new mathematical approach works equally accurately with fully ablated fireballs and meteorite-producing ones, and whether any additional modification could be applied to improve the accuracy and extend applicability range for the proposed methodology.
The comparison of the derived terminal heights of MORP fireballs with their observed values brings us to the following conclusions. Using equation (21) it comes out that the accuracy shows a standard deviation of σ = 1.52 km which seems to be high. However, a linear tendency is found. This last reason encouraged us to find a better adjustment. By applying newly suggested approximation in our study equation (24) we obtain terminal heights that fit very accurately the observed values; now the standard deviation for MORP data set turns out to be σ = 0.75 km.
Besides, the excellent adjustment between derived and observed terminal height values justifies the methodology proposed here. We foresee a calculation of terminal height to be useful when the lower part of the trajectory was not instrumentally registered (e.g. limited field of view of the camera, shadowing of fireball trail by other objects, weather conditions, detection of meteoroids using radar techniques with limited observation beam etc.). It also brings critical knowledge into the problem when one needs to predict how long will be a total duration of the luminous flight or at which height a fireball produced by a meteoroid with given properties would terminate. Based on our investigations we can highly recommend the use of equation (24) also to solve inverse problem when terminal height and velocity are available from the observations, and parameters α and β need to be derived.
Further observational and analytical research must be done to predict precisely the properties of any body along its atmospheric flight.
